Math 1060 — 1.1 Notes

Angles and Degree Measure

An angle can be formed by rotating one ray away from a fixed ray indicated by an arrow. The fixed ray is the initial
side and the rotated ray is the terminal side. An angle whose vertex is the center of a circle is a central angle, and
the arc of the circle through which the terminal side moves is the intercepted arc. An angle in standard position is
located in a rectangular coordinate system with the vertex at the origin and the initial side on the positive x-axis.
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Degree Measure of Angles

Initial side

Angle in standard position

The measure, m (a) , of an angle a is the amount of rotation from the initial side to the terminal side, and is found
by using any circle centered at the vertex. An angle that forms a complete circle arc is 360°.

The degree measure of an angle is the number of degrees in the intercepted arc of a circle centered at the vertex.

Counterclockwise rotation—positive angle

Clockwise rotation—negative angle

An angle in standard position is said to lie in the quadrant where its terminal side lies.
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Acute angle

Obtuse angle Right angle

Acute angle—An angle with a measure between 0° and 90°.

Obtuse angle—An angle with a measure between 90° and 180°.
Straight angle—An angle with a measure of exactly 180°.

Right angle—An angle with a measure of exactly 90°.

Quadrantal angle—An angle in standard position whose terminal side is

Straight angle

y

Quadrantal angle

on an axis.



The terminal side of an angle may be rotated in either a positive or negative direction to get to its final position. It
can also be rotated for more than one revolution in either direction. Two angles with the same terminal side are
called coterminal angles.

Coterminal Angles—Angles « and § are coterminal if and only if there is an integer & such that

m(B)=m(a)+ k360" Add or subtract mulhples of 30°

Examples: Find two positive angles and two negative angles that are coterminal with each angle:
a) 23°

b) 1460
23-360": 233607, 3 -146°- 340
333" 3@0 353“360 500, ~340°

Examples: Determine whether the angles in each pair are coterminal:
a) —128°and 592° b) 8°and -368°

S592%-(~a8)= F20° B-(-368) =376

2267 s a moltiple 3726° rs nvi a moltiple of b,
of 340° f —{—e(vyunq{i /nof CO]L'e_(VVLIAV‘\Q/
uadrant in which each angle lies.

Example: Name the q o °
a) 255° b) —650° c) 1360°
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Minutes and Seconds 640 - 36p% 50

Historically, angles were measured by using the degrees-minutes-seconds (DMS) format, bu alculators it is
convenient to have some fractional parts of degrees written in decimal form. Each degree is divided into 60 equal
parts called minutes (7'), and each minute is divided into 60 equal parts called seconds (n").

1 degree = 60 minutes 1 minute = 60 seconds 1 degree = 3600 seconds

Examples: Perform the indicated operations.

a) 15°56'45" + 18°12'33" b) 36°5'—22°33'12" ' ; ) @—g—'ﬂ
)§°5(°l45” 3(0061 - 3 bq O‘ = ; i
+18%12' 23" ) = 35%4‘(20" ol e
33 68 :}'3‘;3““ F [éo 3s éﬁl (ODU ?906 - %))D u
2 cl«wge w0 —22° 33 A 58 22.%
he degree measure of angle a in e
2) 48°9'6" b) BN
{5"5'6"
G0°-75°5'¢
] - : 66‘3(00]‘ 3 e \
o toe e _ 1 o i
o +46 76 =389 (" BG°59 Lo - 1556
|80 = 138°9 ",
/39 °¢0"

O(:I ioii'il("‘iggaﬁlfa“



Math 1060 — 1.2 Notes
Radian Measure, Arc Length, and Area

Unit circle: A circle of radius one that is centered at the origin.
What is the circumference of the unit circle? (Circumference of a circle: C =nd =27zr) = (

€20 =(2]
What is the arc length intercepted by a 180° angle (1/2 of the circle)? < ) CZ T">

What is the arc length intercepted by a 120° angle (1/3 of the circle)? ( \__) C'ZTF) ,\'l

What is the arc length intercepted by a 30° angle? An angle of 225°? An angle of 210°?
21D
Gir)en-l] Ezen 3] (3% seo)@@ &

You have just calculated the radian measure of each of these angles. P

The radian measure of the angle o in standard position is the directed
length of the intercepted arc on the unit circle. Directed length means
that the radian measure is positive if the rotation of the terminal side is
counterclockwise and negative if the rotation is clockwise.

One radian: The angle that intercepts an arc with length equal to the radius of a circle. (On the unit circle, one
radian is the angle that intercepts an arc of length one.)
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Since the radius of the unit circle is the real number 1, without any dimension (ft., meters, etc.), the arc length,

and hence the radian measure of an angle, is also a real number without any dimension. Thus, one radian (1 rad)
is the real number 1.

Converting Between Radians and Degrees:
Since there are 2z radians in a circle (the circumference of the unit circle is 2m) and 360° in a circle,
2z radians = 360°, or 7 radians = 180°.

z rad 180°

Degrees—Radians: multiply by Radians— Degrees: multiply by
T

180°
Examples:
Convert the degree measures to radians: Convert the radian measures to degrees:
a) 210° b) —27.2° 57[ b) 16.7 radians
o
(,;ZlD) i rac\> (gt.l Q) mc) (sw @oo) Q@,Tf} 150)
180 l 80 \ o




Arc Length
Often, we want to find the arc length (s) on a circle of radius r, intercepted by an angle a:
Since a central angle of 27 (360°) intercepts an arc whose length is the circumference of a circle, we have:

arclength s  ainradians « in degrees
circumference 2zr 2z radians 360°

If a is in radians, we can multiply both sides of the proportion by 277 to obtain the arc-length formula:
The length s of an arc intercepted by a central angle of a radians on a circle of radius 7 is given by: s = ar.
This formula only works if & is in radians!

You can solve arc length problems by using the arc-length formula, proportions, or by noting that arc length is a
fraction of the circumference of a circle.

Examples:
A central angle of 7/2 intercepts an arc on the surface of the earth that runs from the equator to the North Pole.

Using 3950 miles as the radius of the earth, find the length of the intercepted arc to the nearest mile.

o= V2 s o

r=3950 m $=(%)(3950) = [6204. & m]

A wagon wheel has a diameter of 28 inches and an angle of 30° between the spokes. What is the length of the
arc s (to the nearest hundredth of an inch) between two adjacent spokes?

0(:300:: 'n—/b S= ¢

=14 in 5=(W6)14)=[3.3 in]

Area of a Sector of a Circle
Finding the area (4) of a sector of a circle of radius r with central angle ¢, is similar to finding the arc length:

areaof sector 4  ainradians ¢ in degrees

area of circle > 21 radians 360°

If o is in radians, we can multiply both sides of the proportion by zr? to obtain a formula for the area of the
2

) ar . 5 . . :
sector of a circle: A= o Once again, this formula only works if ¢ is in radians!

Examples:

Which is bigger: a slice of pizza from a 10” diameter pizza cut into 6 slices, or a slice from a 12” diameter

cut into 8 slices‘? 0
. z_ Area of |

A=m(6)*= 36T
:qme+e,r PizE: . Zom.

A center-pivot irrigation system is used to Water a circular field with radius 200 feet. In three hours the system
waters a sector with a central angle of /8. What area (in square feet) 1s watered in that t1me‘7

Area of {field. A= (@00)*= (25,63 £¢2 A= &%= (T)(Re0)™

o}
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Math 1060 — 1.3 Notes
Angular and Linear Velocity

Velocity: The rate at which the location of an object is changing with respect to time.

Angular Velocity: The rate at which the angle is changing. If a point is in motion on a circle through an angle
of a radians in time ¢, then its angular velocity w is given by w = %. Angular velocity is usually expressed as

radians per unit of time (radians/hr, radians/min, radians/sec, etc.)

Examples:
Convert 650 rpm (revolutions per minute) to radians per minute. (Use the fact that 1 revolution = 2z radians ).

Convert the angular velocity of 1600 rad/hr to rad/sec.
(000 rad T i [Ty adg, |
/W @O mr O Sec

A 24-inch lawnmower blade rotates at a rate of 2000 rpm. What is the angular velocity in radians per second of
a point on the tip of the blade?

ROCO o AT rad A o 209.4 ratcl/sec

Find the angular velocity in radians per second for a particle that is moving in a circular path at 4 revolutions
per second on a circle of radius 9 ft.

4 red™ 2T rad _ [~e=
Ssec = e @5. \ rac\/seg

Linear Velocity: The rate at which the distance is changing. If a point is in motion on a circle of radius 7

through an angle of o radians in time 7, then its linear velocity v is given by v = ﬁ, where s is the arc length
o

determined by s =ar.

Examples:

A propeller with a radius of 1.6 meters is rotating at 1500 revolutions per minute. What is the linear velocity in
meters per minute for a point on the tip of the propeller?

r=l.om .
B ;ev’I0.053m:[ j
C=2m(1-6)= 10,053 m T min vgm e LSRN ry/min

This s distance ’
Pomt +ravel ‘ each reyolution

Find the linear velocity in meters per second for a particle that is moving in a circular path at 7 revolutions per
second on a circle of radius 15 meters.

F e 2n(1Sm _ [ |
“Sec T v ,ES&(.’-} m[seg]
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What is the linear velocity in miles per hour of the tip of a 20-inch lawnmower blade that is rotating at 3000
rpms? =207 (n

3000 2V A0 T iy @O wit AT
OOM /gv he  (Zan ‘5260;@{/&86ij

Find the linear velocity in miles per hour for a particle that is movmg in a circular path at 1800 revolutions per
minute on a circle with a diameter of 14 inches. (= 14 TN

1800 pev 147 i @O mrr AT
o rev hr | (2er 52805 7A75.0mph)

Linear Velocity in Terms of Angular Velocity: If v is the linear velocity of a point on a circle of radius 7, and
o is its angular velocity, then v = ro.

Example:
Any point on the surface of the earth (except at the poles) makes one revolution (27 radians) about the axis of
the earth in 24 hours. So the angular velocity of a point on the earth is 27/24 or z/12 radians per hour. The

linear velocity of a point on the surface of the earth depends on its distance from the axis of the earth. What is
the linear velocity in miles per hour of a point on the equator? (Use 3950 miles as the radius of the earth).

/12 el | e M395DLW‘" :Zm

Ihe 27 rad e




Math 1060 — 1.4 Notes
The Trigonometric Functions

~ The six trigonometric functions are the sine (sin), cosine (cos), tangent (tan), cosecant (csc), secant (sec), and
cotangent (cot) functions. There are several ways to define these functions of trigonometry. One of the most
common mnemonic devices is SOH-CAH-TOA.

. oppo .ite adjacent opposite
Hypotemese opposite sin g = —PP° cosq=—AXM_ = Oppostte
hypotenuse hypotenuse adjacent

adjacent

All of these ratios can be written in terms of an angle in the coordinate plane.

If (x, y) is any point other than the origin on the terminal side of an angle « in standard position and

r=4/x*+y?, then

Sil'ldzﬂ:Z Cosa:a_d“]—z tana:o‘p;lf)zz
) hyp r hyp r adj «x
s y Csca:hﬂzi Seca:h—y?zl Cota::a_d.‘]_zi
> e ¥ adj x opp ¥

Note that the cosecant, secant, and cotangent are reciprocals of the sine, cosine, and tangent. These identities are

called the reciprocal identities: CSCO =— seca = cota =
& sma cosa tana
Examples:
Find the values of the six trigonometric functions of the angle  in standard position whose terminal side passes
through (-2, -4). ‘ Y -4 =5
T W1 A== = = -5
r:\jz'z'f'"{z -—,)Zo:;?\ré 5 = ;)r% @ OSCO(’—E-
)< = ’;2 = ~><__ - 2‘ - (
\/:_4 cos a r “"Té:*\{—«g Sec o= ~J5
vi o= .._.__Y - = — =
*a <=L = = Cavasa

To find the values of the trigonometric functions of the “special angles” on the unit circle (multiples of 30° and
45°). We could choose any point on the terminal side of each angle and the same ratios would result because the
triangles used to calculate the ratios are similar.

.\-
¥ xl
e tana:X:ZT

r X X

sing = == cosa =

y_y
r r

N |

Since 7 = 1 for any point on the unit circle, points on the unit circle are
convenient to use for calculating trigonometry ratios. The question becomes
how to find the coordinates of points on the unit circle?

Example: Find the exact values:

(a) sin (90°) | () sec (180°) V:J\
() tan (-572) ynd el ) cot (0) undef




We can find the use the ratios that exist in special right triangles to calculate the coordinates of points on the
unit circle.

Find the values of x and y in the triangles below:
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The signs of the trigonometric functions depend on the quadrant in which the angle lies and the corresponding
signs of x and y (remember 7 is always positive).

A good mnemonic to remember which functions are positive in each quadrant is “All Students Take Calculus”:
In Quadrant , all of them are positive, in Quadrant II, sin (and csc) are positive, in Quadrant III, tan (and
cot) are positive, and in Quadrant IV, cos (and sec) are positive.

o
s . . . i s Stn, csc¢ | <
£ind the signs of each trigonometric function in each quadrant: _ - S, o,
oS, tan | 668, Sery ot

Sec, cot
Examples: Find the exact values of the following: = il
(1) secd5°= (& f""_’_: ot Co_f, Sec
(2) sin(-37/4)=- 12 /2 Sin, coes, St fan
(3) tan(57/4)= | Csc, sec £Re, et

(4) cos135°= ~Nz2/,

(5) sin(—60°) = _ ('3/2

(6) cos(7x/6)= —ﬁ/?_

(7) tan120° = -3

(8) csc(—4n/3) = %z

) cot(7n/3)= Y= = J’i/g

(10) sec210°= _ 7_/(
3




Math 1060 — 1.5 Notes
Right Triangle Trigonometry

A solution to the equation sina = § is an angle whose sine is 1. Because sin30° =1 and sin150° = 1,0

could be 30° or 150°. Since any angle with the same terminal side as 30° or 150° is also a solution, there are
infinitely many solutions. Since right triangles have only acute angles, we are only interested in the acute
solutions in this section. '

Examples:
Find the angle a that satisfies each equation where 0° < a < 90°.
(a) sina:\/g/2 (b) cosa=1 (c) tana =1

o
X=60 N=0° =45
Inverse Sine, Cosine, and Tangent Functions

We denote “the angle whose sine is x by the symbol sin™ x (also called the arcsine of x and
abbreviated arcsin x) and call it the inverse sine function. Similarly, the inverse cosine and tangent functions are

cos™ x (or arccos x) and tan™' x (or arctan x) — the angles whose cosine or tangent, respectively, is x.

NOTE: The -1 in sin”" x does not indicate a reciprocal. sin™" x = . The -1 indicates an inverse

sin x
function. Remember, sin™' x, cos™ x, and tan™ x are angles!

Because there are infinitely many angles that have a given sine, cosine, or tangent, we define the inverse
_ functions precisely by restricting their domains:

sin"x=a  provided sina = x and —90°<@q<90°
cos"x=a  provided cosa = x and  0°<a<180°
tan" x=a  provided tana = x and  —90°<a <90°

Examples:
Evaluate each expression. Give the result in degrees. Where necessary, round to the nearest tenth.

(a) cos™ (\/5/2) (b) arcsin(x/g/2) (c) tan™ (6.1)
L'( 6 ° (‘ o) e » 800 6? °
Solving Right Triangles
Finding all the missing angle measures and side lengths of a triangle is called “solving a
triangle”. In a right triangle, we usually name the acute angles a and f (beta) and the lengths of the

sides opposite those angles a and b, respectively. The 90° angle is y (gamma) and the length of the &
side opposite the right angle (the hypotenuse) is c.

a
To solve a right triangle:

1. Use the Pythagorean Theorem to find the length of a third side when the lengths of two sides are
known.
2. Use the trigonometric ratios or inverse trigonometric functions to find missing sides or angles.

3. Use the fact that the sum of the measures of the angles of a triangle is 180° to determine a third angle
when two are known.



Examples:

Solve the right triangle in which a = 60° and ¢ = 2. a’+b Z:C 2
s 40’,;, [E =327 Db 22
< sin 00;1-‘7*’3:&34=J§ 24 pr=24
a 2 = R b= b=
Solve the right triangle in which a =2 and b = 5.

C - S % - ° :?O‘:-Q,).8°
S e R OL T Ry v

Using trigonometry, we can find the size of an object without actually measuring the object. Two common
terms used in this regard are angle of elevation and angle of depression.

? - B angle of
= . depression

SR

" angle of it
elevation $in

horizontal line

Examples:
The angle of elevation of the top of a cell phone tower is 38.2° at a distance of 344 feet from the tower. What is
the height of the tower?

e X
tan 38 2 =< —-———344/
g - X= 344 tan 238.2°
.
344 B‘a%'—% ‘Cﬂ

At one location, the angle of elevation of the top of an antenna is 44.2°. At a point that is 100 feet closer to the
antenna, the angle of elevation is 63.1°. What is the height of the antenna?

tan 63.1°= % h= xtan 6317
" h= 77| x

h = @m 44, 29<x+t00>
h= (472 (x+100)
h=.93F2x +93.Q

.9FI x =, 9%2% £932.Q h= (1430(93-3)
, 999% =93.5 -
X=97.3 [h=1918 |




Math 1060 — 1.6 Notes

~ The Fundamental Identity

The Fundamental Identity and Reference Angles

The fundamental identity of trigonometry involves the squares of the sine and cosine function. We write

(cosa)’ as cos®a and (sina)’ as sin> a. Remember that by definition, sina = y/r, cosa=x/r, and

x>+ =ri

sin® @ +cos’ a =

y2 .')C2 Yy +Xx
Tty

2
r r

2
r
2

=1

7

The Fundamental Identity of Trigonometry: If a is any angle or real number, then sin® a +cos* o =1.

If we know the sine or cosine of an angle, then we can use the fundamental identity to find the value of the other
function of the angle. (Note: you can also figure this out by drawing a triangle and using the Pythagorean

Theorem).

Example: Find sina given that cosa =1/4 and « is in Quadrant IV.

!

Y

'W :iﬁ%

05 wa X
Cosu-r

Sin W= Y
r
Sivin = -15

_Og-
4+

1

sintarcos o= |
Sind+ (14) = |

Sin?x+ ¢ = |
it <

Sin A= —\]'):5?

Sin s vxefﬁijs/e
i Q.

©
Reference Angles: When you look at the unit circle, notice that there is a pattern to the‘ coordinates. If you look
at all the angles that are 30° away from the x-axis (30°, 150°, 210°, 330°), the x-coordinate (cosine) is £+/3 / 2

and the y-coordinate (sine) is +1/2.

Definition: Reference Angle: If 6 is a nonquadrantal angle (not on an axis) in standard position, then the
reference angle 6’ (read “theta prime”) formed by the terminal side of @ and the positive or negative x-axis.

Vi

v

b

-

Examples: For each given angle 6, sketch the reference angle ' and give the measure of #' in both radians and

degrees.

6 =120°

O\,@ /‘\05\13
<~2§-—a

¢

o o= %

0 =690°

A

0=-Tr/4

W/\
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&

e

ak

‘:%:45



Evaluating Trigonometric Functions Using Reference Angles: For an angle 6 in standard position that is not
a quadrantal angle:

sinf = +sinf’, cosf =+xcosf’, tand =+tanf',
cscl ==xcsch’, secl =xsech’, cotd =+cotf'
where 0’ is the reference angle for § and the sign is determined by the quadrant in which 6 lies.

Examples: Find the sine and cosine for each angle using reference angles.

0 =120° 0 ="Tr/6 0 = 690° 0 =—Tr/4 -
L o® ©':35" Got 6':30° A e="
@—CaO QIC o ST R 30°/ sin 14/
o= & S\ 30%) (sin V-4 N 2
Cos (0% 2 Cos 30 SQ?D- 3/ A
0 Tz 5“’) .;—'%r - Z
Cos /L7
Modeling with the Sine Function -;,15)= Jz_

The trigonometric functions can be used to model periodic phenomena.

Examples: Demand for a seasonal product can be modeled by the function d = 200 sinf(:—a +300, where d is
the number of units sold in month 7 and where ¢ ranges from 1 through 12. Find the demand in March and June.

p) e

3-3

Mah: d = 200 sia ( + B3O Jone: 4 = 9p0 gmﬂ(b(; >+ 360
d= 200 6\‘/\ O + 30 d: 200 sin %‘E + 300

a= :
o0 (o) + 300 d= 200 s T 4 250

d=30c0 =
Z_\Z- d:&OOC;>+goo




